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A Method of Solution for Painlevé Equations:

Painlevé IV, V

by

A.S. Fokas, U. Mugan and M.J. Ablowitz

1. INTRODUCTION.

The mathematical and physical significance of the six Painlevé
transcendents, PI-PVI, has been well established. Their mathematical
importance originates from the following: i) P. Painlevé [1] and B.
Gambier [2], at the turn of the century, classified al) equations of the
form ey = F(qt,q,t) where F is rational in Gy algebraic in q and

locally analytic in t, which have the Painlevé property, i.e. their

solutions are free from movable critical points [3]. Within a Mobius
transformation, they found fifty such equations; these equations can
either be integrated in terms of known functions or can be reduced to
one of the six Painlevé *ranscendents. ii) R. Fuchs [4] and R. Garnier
(5] considered Painlevé equations as the isomonodromic conditions for
suitable linear systems with rational coefficients possessing regular

singular points. In other words, Fuchs and Garnier established the existence

of compatible linear systems which turn out to be the analogue for Painlevé
equations of the so called Lax pairs [6] for solvable nonlinear evolution equa-
tions. The condition of isospectrality is now replaced by isomonodromicity. How- !
ever, apparently the above authors did not pose the question of using these Lax

pairs to integrate the Painlevé transcendents. iii) Ablowitz, Ramani and Segur




(7] discovered a remarkable connection between equations with the Pain-
levé property and nonlinear PDE's solvable by the inverse scattering
transform (IST). Invariant solutions of such PDE's satisfy equations
with the Painlevé property. (More precisely, associated with such a PDE
consider an ODE which describes those solutions of the PDE which remain
invariant under the action of some Lie-point group; then all solutions
of this ODE which can be obtained via the IST of the corresponding PDE
have the Painlevé property, see also [8]). For example, proper exact
reductions of the Korteweg-deVries (KdV) equation lead to PI and PII
[9]; PII and special cases of PIIl and PIV can be obtained from the
exact similarity reduction of the modified KdV, sine-Gordon and the non-
linear Schrodinger equations, respectively [10]; special cases of PVI
can be obtained from exact reductions of the three-wave resonant inter-
actions [11] and from the Ernst [12] equation [13]. iv) H. Flaschka
and A. Newell [14], M, Jimbo, T. Miwa and K. Ueno [15] considered Pain-
levé equations as isomonodromic conditions for suitable linear systems
possessing both regular and irregular singular points. These systems

appear more suitable than the linear systems introduced in [4] and (5]

for both integrating the Painlevé transcendents, as well as for studying
their asymptotic behavior [16]. Garnier [17] also considered linear equa-
tions with irregular singular points in connection with the Painlevé
equations but apparently did not pose the question of using this connec- .ﬂ
tion to integrate these equations.
The physical significance of the Painlevé transcendents follows from .‘*

their applicability to a wide range of important physical problems.
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Painlevé equations appear in nonlinear waves (see iii) above) in quantum
field theory, in statistical mechanics [18]-[30], etc.

Associated with the exact integrability of Painlevé equations
there exist two interrelated aspects: (i) Find a method for generating
particular solutions. (ii) Find a method for solving the initial value
problem. With respect to (i) we note: (a) There exist certain explicit
transformations which map solutions of a given Painlevé equation to solu-
tions of the same equation but with different values of the parameters.
Such maps, called Schlesinger transformations, were given by Lukashevich
and Gromak [31]-[34] for PII-PV and by Fokas and Yortsos [35] for PVI.
Furthermore it turns out that for certain choices of their parameters PII-
PVI admit rational solutions as well as one-parameter families of solu-
tions expressible in terms of Airy [2], [36], Bessel [37], Weber-Hermite
[38], Whittaker [39] and hypergeometric [40] functions respectively.
Using the above transformations and special solutions, one can construct
(for certain choices of the parameters) various elementary solutions of
PII-PVI. These solutions are either rational or are functions which are
related, through repeated differentiations and multiplications, to the
above mentioned classical transcendental functions. (8) Ablowitz and
Segur [10] characterized a non-elementary one parameter family of solu-
tions of PII through a Gel'fand-Levitan-Marchenko integral equation of
the Fredholm type. (vy) Fokas and Ablowitz [41] characterized a two-
parameter family of solutions of PII using a matrix system of Fredholm
integral equations. However, in both (8) and (y) the free parameters were

not related to the initial data of PII.




The main focus of this paper is to give a method to solve the
initial value problem of the Painlevé equations. In this respect we
note: (i) Flaschka, Newell, Jimbo, Miwa and Ueno introduced a new
powerful approach for studying the associated initial value problem;

solving such an initial value problem is essentially equivalent to solving an

inverse problem for a certain isomonodromic linear equation (see (iv)
above). In analogy with the IST method introduced by Gardner, Greene,
Kruskal and Miura [42] we call the above method an inverse monodromic
transform method (IMT). (ii) Flaschka and Newell [14] applied the above
method to the solution of PIl and to a special case of PIII. They form-
ulated the inverse problem in terms of what the authors

of [14] call a system of singular integral equations. (iii) Jimbo, Miwa
and Ueno [15] considered the Painlevé equations within the larger program
of study of monodromy preserving deformations for a first order matrix
system of ODE's having regular or irregular singularities of arbitrary
rank. The inverse problem is solved in terms of formal infinite series
uniquely determined in terms of certain monodromy data. (iv) Fokas and
Ablowitz demonstrated that the inverse problem of PIl can be formulated
as a matrix, singular, discontinuous, homogeneous Riemann-Hilbert (RH)
problem defined on a complicated contour. This has conceptual and prac-
tical implications: Conceptually, it becomes clear that there is a
unified approach to solving certain initial value problems for equations in I,

1+1 (one spatial and one temporal) and 2+l dimensions. Using

techniques from RH theory, the RH problem can be simplified sub-
stantially (it can be mapped to a series of regular, continuous RH problems, .L

each defined on the real axis).




In this paper we present a general method for solving the initial
value problem associated with a given Painlevé equation. This method,

which simplifies and extends ideas of [43], involves three main steps:

1. Use classical theory of linear ODE's to formulate a RH problem for a func-
h tion called ¥(z,t) which solves the underlying isomonodromic linear equa-
!

tion. This basic RH problem is, in general, a matrix singular, discontin-

uous, problem formulated on a complicated contour (several intersecting
rays) and is uniquely defined in terms of certain monodromy data. 2.
Choose the parameters of the given Painlevé equations in such a way that the above
problem is nonsingular; then map the basic RH problem to series of RH prob-
lems defined on simple contours. All of these problems except one are
continuous. Furthermore, some of them can be solved in closed form (in
terms of a quadrature). Use certain auxiliary functions to map the dis-
.continuous RH problem to a continuous one. Then apply the rigorous re-
sults of the RH theory, e.g. [44] to establish the existence and unique-
ness of the solutions of the above continuous RH problems. 3. Use the
basic RH problem to obtain Schlesinger [51], [13], transformations, shifting by
an integer or by a half integer all the parameters of the given Painlevé
equation. Hence, using these transformations, the study of the
singular RH problem reduces to the study of the reqgular one. We note
that for special choices of the monodromy data the basic problem can be
solved in closed form. This yields particular solutions of Painlevé
equations expressible in terms of the classical transcendental functions
mentioned above.

The above method is applied to the solution of the initial value

probiem of PIV and PV: The RH problem corresponding to each of these




equations is mapped to two RH problems on simple contours, one of which
FI can be solved in closed form, while the other can be made continuous.
Furthermore, Schlesinger transformations are derived for both PIV and
-l PV. For special choices of the monodromy data the basic RH problems for
PIV and PV can be solved in closed form; this yields solutions of PIV
and PV in terms of Weber-Hermite and Whittaker functions respectively.
il PI1 is considered in [45], using a different isomonodromic spectral
! problem than the one used in [43]. These results, and PIII (which is
related to a special case of PV [9]) will be presented elsewhere. PVI
#'~ has been solved by C. Cosgrove [13] and PI remains open.
| The Hamiltonian structure of the Painlevé equation is studied in

[14] and [56].

<. THE GENERAL FRAMEWORK

2.1. RH Problems.

Let C be a simple, smooth, closed (or infinite) contour dividing the complex z-
plane into two regions D+ and D~ (the positive direction of C will be

taken as that for which D' is on the left).

Figure 2.1

A function ¢{z} defined in the entire plane, except for points on

C which will be called sectionally holomorphic 1f: i) the function »(2z)




is holomorphic in each of regions D+ and D™ except, perhaps, at z =«
ii) the function ¢(2) is sectionally continuous with respect to C,
approaching the definite limiting values ®+(c). ¢ (¢) as z approaches

a point ¢ on C from D*, or D7, respectively. The classical homogeneous
RH problem is defined as follows [46]. Given a contour C, and a function
G(z) which is Holder on C and det G(t) # O on C, find a sectionally

holomorphic function #(z), with finite degree at =, such that

6 () = G(g)e (z), on €, (2.1)

where @b(c) are the boundary values of #(z) on C. If G(¢) is scatar, (2.1) is solv-

able in terms of quadratures. If G(g) is a matrix valued function,
then (2.1) is in general solvable in terms of a system of Fredholm
integral equations. Various generalizations of the above RH problem are
possible. For example: i) The contour C may be replaced by a union of
}ntersecting contours. ii) G(g) may have simple discontinuities at a
finite number of points; in this case one allows ¢(z) to have integrable
singularities in the neighborhood of these points. iii) RH problems may
be considered in other than Holder spaces (e.g.[47]): 1v) One may con-
sider inhomogeneous RH problems o+(c) = G(¢)o (c) + F(c) on C.

It is interesting that the first RH problem was formulated in con-
nection with an inverse problem (see [43] for references). Actually, RH

problems are intimately related to the solution of inverse problems in

1+1 (one spatial and one temporal), 2+1 and 1 dimensions:

2.2. Inverse Problems in 1+1

We recall that a necessary condition for a given nonlinear equation

for q{x,t) to be solvable via IST is that this equation is the compati-
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bility condition of a pair of linear equations. Let us consider the

modified KdV

2
q *3a,,, - 639 =0 (2.2)

as an illustrative example [48]. Equation (2.2) is the compatibility

condition of

-i 0 0 q(x,t)
¥ (g.x,t) =¢ ¥(g,x,t) + ¥(g,x,t), (2.3a)
0 i q{x,t) O
-4ig>-2ia% 49c7+210,0+207-q,,
Wt(c.x,t) = 3 ¥(z,x,t).(2.3b)

agci-2ia,0-20°-0,  4ic>+2ig’s

We first note that the above Lax pair is isospectral, i.e. dg/dt = 0.
Also it turns out that equation (2.3a) is of primary importance; equation
‘(2.3b) plays only an auxiliary role. To solve the initial value problem,
for initial data decaying as |x| » = , one first formulates an inverse

problem for v(z,x,t): Given appropriate scattering data reconstruct V.

By studying the analytic properties of ¥ with respect to z, where ¥ sat-
isfies (2.3a), one establishes that there exists a ¥ which is a section-
ally meromorphic function of z, with a jump along the Re z axis. This

jump, as well as the residues of the poles, are given in terms of approp-

riate scattering data. Thus the inverse problem is equivalent to a

matrix, regular, continuous, RH problem defined along the Re z axis and

uniquely specified in terms of the scattering data.

Since in the above discussion we have only used (2.3a), it is

evident that one may pose an inverse problem for an appropriate function q(x). How-

|
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ever, this result is useful for solving the initial value problem of
q(x,t) only if q evolves in such a way in t, that the scattering data is
known for all t. If ¥ evolves in t according to (2.3b) (i.e. if q
solves (2.2)) then it turns out that the evolution of the scattering
data with respect to t is simple. Hence the above RH problem is speci-
fied in terms of initial scattering data; its solution yields ¥(¢,x,t)

and then (2.3a) gives q(x,t).

2.3. Inverse Problems in 2+1.

Let us consider the Davey-Stewartson equation (a two dimensional

analogue of the nonlinear Schrodinger equation)

1Qt + %(OQXX+ny) = -A|QIZQ+°Q’ QXX‘GZny=2A(!Q|2)Xx; A = :1‘ g = -1

(2.4)

as an illustrative example [49]. A Lax pair for (2.4) is given by

. 1 0 0 Q
L ig(Jy-¥d) + gy + ony, J # (O _1), q * ozxﬁ ) (2.5a)
v - 2o o : o
v, o= A3vyy + szy + Alw -z (A3¥ vA30) + 21cA3vy + 1gA2w, (2.5b)

where Al’ AZ’ A3, A30 are appropriate matrix functions of Q, Q ( Q denotes
the complex conjugate of Q).

The situation is conceptually similar to the case of 1+l: To solve
the initial viaue problem for q{(x,y,t) one first formulates an inverse
problem for ¥(z,x,y,t). Depending on the value of ¢ there exist two

different cases (for brevity of presentation we assume non-existence of

poles, i.e. non-existence of lumps): (i) o = -1. There exists a v which




is a sectionally holomorphic function of z and which has a jump along

the Re z axis. This jump is also given in terms of scattering data but

it depends on them in a non-local way. Thus the inverse problem is

equivalent to a non-local, matrix, regular, continuous RH problem defined

along the Re z axis and uniquely specified in terms of scattering data.

(ii) o = i. There exists a ¥ which is bounded for all complex z, but

which is anlaytic nowhere in the complex z plane. However, its departure from
holomorphicity 3a¥/3z can be expressed linearly in terms of ¥ and appropriate

inverse data. Thus, now the inverse problem is equivalent to a 3 (DBAR)

problem: Given 3¥/3Z reconstruct ¥. The 3 problem is a generalization of

a RH problem and has been studied extensively in the mathematical lit-
erature [50].

Using (2.5b), again one shows that the inverse scattering and the
inverse data evolve simply in time. Hence, the above RH and 3 problems
are specified in terms of initial data; their solutions yield ¥(z,x,t,t)

and then (2.5a) gives q(x,y,t).

2.4. Inverse Problems in 0+1.

The Lax pair associated with the PIV equation

d ! dv,2 3 3 2 2
;% = 2—y— (—-E) + 5 +4ty” + 2(t7 + u)y + 5. (2.6)
is given by [15]
1 0 t u 8q-V -
YZ(Z) = 2+, + 28 2 % v(z}),
0 -1 Slv-8p-6.) -t aylV-28g) - (gg-v)
(2.7a)
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1 0 0 u
v (2) = z+ (5 Y(z). (2.7b)
0 -1 G(V"Jo-t‘m) U
Indeed Yxt = th implies
gl = - 2 .(j_u = -
at v + y° + 2ty + 460, it uly+2t),
(2.8)
49
ov . _ 2 2,(%
-y vt " yv+(eo+0r)y,
where,
a=26_-1, 8 = -89(2J : (2.9)

As in the cases of 1+1 and 2+1, solving the initial value problem

of PIV reduces to solving an inverse problem for Y: Reconstruct Y(z,t)

in terms of appropriate monodromy data. Again this inverse problem

will be solved in terms of a RH problem. Thus it is essential to study
the analytic properties of Y with respect to z. However, in contrast to
the analogous IST problem in 1+1 and 2+1, the task here is straight-
forward: Equation (2.7a) is a linear ODE in z, therefore its analytic
structure is completely determined by its singular points. In this part-
icular case z = 0 is a regular singular point and z = = is an irregular

singular point of rank 2. Complete information about the singular point

z = 0 is provided by the monodromy matrix MO. Complete information about

z = = is provided by the monodromy matrix M_ and by the Stokes multipli-
ers a, b, ¢, d. Solutions of (2.7a), Y0 and Yl, normalized at zero and
infinity respectively are related via a connection matrix EO with entries
aqs Bys Vg 60. Taking into consideration the above singularities, there
exist a sectionally holomorphic function Y, with jumps across four

ol

ol b

A
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%1 -3n and with singularities at z = 0, z = =, The

' T
jumps are specified by a, b, ¢, d and the nature of singularities by M

bl n
rays, arg z = - 7, z»
O’
M_. This leads to a matrix, singular, discontinuous RH problem, defined

on the above rays and specified in terms of the monodromy data
Monodromy Data (MD) = {a, b, ¢, d, ags 390 Yoo 8o - (2.10)

Consistency of the above RH problem yields

4
(n 6IM = £xim3lg

M, = Egig (2.11)

0’

where Gj are the Stoke matrices uniquely defined in terms of the Stokes
multipliers. Using (2.11) and certain similarity arguments it can be
shown that all MD can be expressed in terms of two of them. Furthermore,
equation (2.7b) implies that the MD are time-invariant. Hence the above
basic RH is specified in terms of two initial parameters (these two initial
parameters are obtained from the two initial data of PIV). The solution
of this RH problem yields Y(z,t) and hence (2.7a) yields y(t).

This RH problem can be simplified considerably: (i)

Assume 0 < By < l, 0<e8_ <1, 8 # %; then the above RH problem is non-

singular. It is interesting that the basic RH problem can be used to obtain

Schlesinger transformations which shift 89 and e_ b; a half-integer.

By using these transformations the general case is reduced to the reqular >

case. (ii) The basic RH problem can be mapped to a sequence of two RH 4

problems, one on the line arg z = % and the other on the line arg z = - %.

The first one is continuous (both at z = 0 and z = =); furthermore it »

can be solved in closed form. The second one is discontinuous both at h
L
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z =0andz = =, By using standard auxiliary functions [46] this discon-
tinuous problem is mapped to a continuous one. The theory of con-

tinuous RH problems on simple contours can then be used to establish uniqueness

and existence of solutions. Elementary solutions of PIV, expressible in
terms of Weber-Hermite functions are obtained naturally within the above
formalism.

We hope that the above discussion elucidates the connection between
IST (inverse scattering transfcrm) and IMT (inverse monodromic transform):
There exists a unified approach to initial value problems in 1, 1+1, and
2+1 dimensions: Solving the initial value problem of an integrable equation:
q(t) or q(x,t) or q(x,y,t) is equivalent to solving an inverse problem
for a suitable eigenfunction ¥(z;t) or ¥(z;x,t) or ¥(z;x,y,t). The
inverse problem genericaily takes the form of a RH problem for equations
in 1, 1+1, and in general the form of a 3 (DBAR) problem for equations in
2+1 (the DBAR problem being a generalization of a RH problem). To define the
relevant RH or DBAR problems one needs to study the analyticity properties
of ¥ with respect to z. Furthermore these problems are uniquely defined
in terms of certain asymptotic data of the underlying linear system satis-
fied by ¥ (monodromy data in the case of equations in 1 dimension and
scattering data in the case of equations in 1+1 and 2+1).

We note that the linear limit of the IST yvields the Fourier trans-
form of g(x,t). In that sense IST is the nonlinear analogue of the Fourier
transform [52]. Since the linear limit of the IMT is the Laplace's method
for linear ODE's, the IMT is the nonlinear analogue of the Laplace's

method.

e ———
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2.5. Solution of a Matrix Continuous RH Problem.

From the above discussion it follows that solving the initial value
problem of a Painlevé equation reduces to solving a matrix continuous RH
problem along a simple contour. We recall that the solution of the RH problem
(2.1), where G(g) is Holder (i.e. all its entries satisfy

A
lij(cl)-GJk(cz)l < Alcl-czl , for some constants A and 0 < x < 1, for all

g on C) and det G(g) # 0 on C is given by

o - ok | a6} (0)6(B)-11e(E) _ - (2.12)
C L -3

where o; is the value of ¢(z) at infinity (we assume that ¢ has a finite

degree at infinity). Equation (2.12) can be obtained by writing the

conditions that o+, ¢~ are + and - functions respectively and then replac-

ing ¢* by Ge~.

In what follows we define RH problems on suitable rays. These rays

are naturally defined for a given problem (see §3.2).




3. PAINLEVE IV

In this section we consider the fourth Painlevé equation (2.6).
Wwe first use equations (2.7) to study the analytic properties of Y(z,t),

as well as the properties of the monodromy data.

3.1. The Direct Problem.

Proposition 3.1.

Let Y, be the solution of (2.7a) analytic in the neighborhood of
z = 0 and normalized by the requirements that det Y0 = 1 and that Y0 also
solves (2.7b). Let YJ, j=1,...,8 be solutions of (2.7a) analytic in
the neighborhood of infinity such that det Yj = 1 and YJ vY_as x| -
in Sj, Y is the formal solution matrix of
(2.7a) in the neighborhood of infinity, and the sectors Sj are given by

. .1 LA . 3-
17" 32argz <z, Sptgcargz<og,

S5 %1 <arg z < %3, Sgt Fm L arg z < %— . (3.1)

The rays Cy,...,C, are defined by arg 2= - %, %, %:, %1 respectively.

nro

Figure 3.1




Then the analytic functions YO’ Yl""’Yd satisfy:

(1)

(ii)

(iii)

(iv)

0

Yol2) ~ Vo(2)2 0

as z ~ 0;

where Qo(z) is holomorphic
a logarithmic singularity).

DQ
)

N [—

(2) ~ v (2)ed(2)

Q(z) * Diag(q,-q), aqfz,t)
Y

s i i .4 n
D0 4 Duag(eo,-co), B ¢ 5, N E Z,

at z = 0. (If 60 = n/2, Yo(z) has

as 1zl + =, 7z in Sj, D_ # Diag(e_,-e_),

(3.3)
Z2 -
t 5+ ozt Y_(z) is holomorphic at
2in8 2in8
e O 2inde O
: -Zineo v (3.4)
0 e
I if ey = g.
YZ(Z)GZ‘ Y4(Z) z Y3(z)G3,

(3.5)
b 1 0
1] G # ’
1 3 d 1
ZiWDm
e (3.6)
% 5
, det Ey = 1. (3.7)
&
0 0
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Furthermore, the parameters
MD & {a,b,c,d,ao,BO.Yo,éoz (3.8)
satisfy the following consistency condition.

(vi) (

; 0 0°-0

Hn

6.)M = exluzle (3.9)
] 3"

Proof .
1. Analysis near z = Q:

It is well known(see for example [53]) that if the coefficient matrix of a linea
differential equation has an isolated singularity at z = 0, the solution of
the differential equation will in general %e singular at z = O.
This solution can be obtained in the form of a formal power series; this

series actually is convergent in an appropriate circle of the com-

plex plane. In this particular case if Y0 = (Yél), Yéz)) we find:
(1)
(W, zeoe‘O(t) 1 . "(1) , o o1
0 28 +1 z R
- & RANEY
uy (2
(3.10a)
u 3
-9 2(264-v 1
v{2)(z) = 01 . —%—)es(t) 0 p— z + ,
0 2’0 2‘0 -1
1 Hi2)
(2)
(3.10b)
where,
(1) "
H(l) 4 -y(v-eo-em) - vt o+ (1 + 260-v)(t + 2vy),
L




A
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M) s s Bl Ly g ey

y B (Zeo—v)
t
o(t) ¢ [ dt' %ﬁ .

(Expressions for H(l) HES% may also be given, but are not necessary for our

(2)°

‘ discussion). The multiplicative constants with respect to z in (3.10) are fixed
by the requirement that (3.10) also satisfy (2.7b). We note that when

Oy = n/2 there will be, in general, a logarithmic term and the two

0
% lTinearly independent solutions have the form:
(1) (2)(,) - (1), %0 (2),,, - .n
Yo '(2)s YgTi(z) = d(an 2)¥tt ez T t(z), 5 =5, (3.11)

where ;éZ) is a polynomial in z and J is a complex constant. Equations
2i~0

(3.10) imply Yo(zeZi") = Yo(z)e 0. Similarlv, equations (3.10) and

(3.11) imply (3.4).

2. Analysis near z = =,

The two linearly independent formal solutions Y _(z) = (Y(l)(z),

Yiz)(z)) of (2.7a) have the expansions:
1 -K :
Yil)(Z) = (: :) 1 % s (%) "ed (3.12a)
0 G(V-GO-@G)
0 -u/2 -,
Yiz)(Z) = + % LI (%) e 9, (3.12b]
)\ K
where
s Yoo . - R - J
K y(v 260) (v OO o_)(t + 2)
.1
Suppose that Y_, is the asymptotic expansion of Y1 for large z in 31' According
)




L T~ vy~

to the Stokes phenomenon, the asymptotic expansion of Y1 in sector 52

is given by Y_G where G is a constant matrix. Alternatively, one may

introduce different solutions Yl""’Y4 such that YJ is asymptotic to

y_in Sj' Then, for example, since both Yl’ Y2 solve (2.7a) it follows

that Y, = Y,G,, where G, is a constant (with respect to z) non-singular matrix; using
the asymptotic expansions of Yl’ Y2 it can be shown that G1 has the form given in (3.6
[(54]. Similarly we take Ygv Y_ in S., where S.: 2n - % <arg z < 2+ + %,

then YS = YaGa. Birkof [54] has related Y5 and YI: Y, and Y. are defined

for all z, however, they both tend to Y_ only in S1 and S5 respectively:

. Q(zg) D
- Q(z,) 0, . ) 5§71 \ = .
Y (Z ) '\'Y@(Z )e 1 (l_) ’ Zl n 519 YS(ZS) '\‘Y‘,,(Zs)e (Z ) ’ ZS mn SS
1'71 =1 Z; 5
[fz, is in S, then zleZi" is in Sc. Thus
* 21" ~ 2i” Q(zleZi”) 1 DQ . O(Zl) 1 Dw -ZiWDE
Yo(zie™ ") ~Y (z,e" e (—=57) =Y (z)e (=) e ,
zle 1

where we have used that Qm(z) is holomorphic at z== and Q(zle21”) = Q(z)). Thus

211D
n ®
e .

n
<
un
—
~N
1]
~N
-
~—
(9% )
—
w

Yl(Z)
Hence

YS(Z) = Y4(Z)G4' or Ys(ZEZi“) = Ya(ZEZiﬂ)Gd, or YI(Z) = Va(ze

3. Connecting Y0 and Yl'
Since both YO and Yl satisfy (2.7a), Y1 = YOEO and det EO =1,
since det Y1 = det YO = 1. EO is called a connection matrix.

.4

U=
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4, Consistency.
We first note that if the solution matrices Yl’ Y2 are related via
the constant matrix C, and if Ml’ M2 are their monodromy matrices about

the same regular singular point then

- . -l )
Y1 = Y2C > Ml = C MZC’ {3.14)
this because:
v (223" = v (ze2TT)C = Y, (2)M.C = Y CTIMC
1 2 2 2 1 27
. . . 2in 21+ _
Equations (3.5) imply Yl(z) = Y4(ze )64M°° = Y3(ze )G364Mw... =

= Y (ze21")( n Gj)Mm. But since My is the monodromy matrix of ¥y and

1 .
j=1
- -1 . .
Yl = YOEO’ then EO MOEO is the monodromy matrix of Yl' Thus

4

IME(f G.)M, which implies (3.9).
0-0 j=1 Ji =

Yl(z) = YI(Z)E6

Remark 3.1.

(i) One has two choices: either to consider four different fundamental
solutions Yis.-.aY, such that Yj ~Y_oas lzio+ e,z AN SJ, or to con-

sider one fundamental solution Y, but then Y ~ éJYm as iz! + = , 2 n SJ.
We intend to use these Yjs to formulate a RH problem, hence 7t is import-

ant to have the same behavior at infinity, that is why we choose four

different solutions.

(ii) The solutions Yl,....v4 are defired in the whole complex z plane and

the relationships (3.5) are valid everywhere. However, in order to form-

ulate a RH problem we will restrict the domain of the YJ's only n the sectors

that their asymptotic behavior is Y , thus we will use (3.5) only on the
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rays Cl,...,C4 (see Figure 3.1).

Proposition 3.2.

(i)  The monodromy data, MD, given by (3.8) and defined 1n Proposition

3.1 are time-invariant.

(ii) A1l of the MD can be expressed in terms of two of them. This

follows from:

1. det EO = 1,
2. Equation (3.9).
3. If ¥ solves (2.7) with y satisfying PIV, then ¥ % R™IYR,

R # diag(rl/z, r-l/Z)’ where r is an arbitrary complex constant,

also solves (2.7) with y satisfying PIV. The Stokes matrices GJ
1

and the connection matrix E, are transformed to éj t R GJR,
£y ¢ RTIER, ..
i=ra, b=b/r, c=rc, d=dr, ;O = 3 éO = gy/r,
Y 5, = 8. (3.15)

Yo T ™o %0
Thus r may be chosen to eliminate one parameter, e.g. r = BO'

4. Changing the arbitrary integration constant of o(t) (see

(3.10) ) amounts to multiplying Yél)(z), Yéz)(z) by the arbitrary

complex constants p and p'1 respectively. This maps EO to

£, * PEj, P ¢ Diag(p.p'l). i.e.
. . Y

. ) .0 . 0 3.163
3 " Pogr 8o T PBg Yo T H S0 T D \

Thus p may be chosen to eliminate one parameter, e.g. p = 0

(iii) Equation (3.9) implies
2i=0 AN _
(1+bc)e ® + [ad + (l+cd)(1l+ab)]e = 2cos2-. . (3.17}




Proof .
(i)  Similar to the proof given in [14].

(i) Y solves (2.7) iff ; =y, v = v, u = ur'1 which is consistent with
(2.8). Parts (ii) 3 and (iii) are straightforward. Equations (3.15),
(3.16) may be chosen to fix two of the entries of the

connection matrix. Then det E0 = 1 and equation (3.9) imply the rest

of the MD in terms of two of them.

3.2. The Inverse Problem.

In what follows we formulate a RH problem for the case that

0<06y<1,0c<0_ < 1. This assumption leads to a regular RH problem.

0
The general case follows by considering the results of this section and

of §3.3.
In what follows we shall, for convenience of notation, consider RH

problems along suitable rays. Actually, in order to satisfy convergence
criteria these rays must be deformed appropriately. The deformation process
is to connect at large values of z the rays to “asymptotic" curves defined
by Re q(z,t) = 0. These asymptotic curves tend to the straight line rays
(i.e. Re g(z,t=0)) for [z| =+ =.

An alternative procedure which we anticipate to be equivalent (but
one which we have not seriously considered) is to deform the rays by a
sufficiently small angle ¢ into the region Re q(z,t) < 0. In this case the
RH problem has jump matrices which rapidly tend to unity as 2: - =. We
expect the limit as ¢ + 0 of this deformed RH problem should tend to the

solution of the RH problem discussed above.

Theorem 3.1.

Consider the following matrix, regular, homogeneous RK problem along
the four rays Cl....,C4 (Figure 3.1): Determine the sectionally holo-
morphic function ¥(z), v(z) = vj(z) if z is in SJ‘ J=1,...,4, from the

following conditions:




1. wj satisfy the jump conditions

¥y(c) = Vl(c)gl(c). ¥a(e) = vy(2)g,(c), ¥,(c) = ¥3(z)95(c),

v (2) = ¥y (ce Mg (c) (3.18)

along the rays CZ’ C3, C4, C1 respectively, where

9; s eQGJe'Q, j = },2,3, gq ¢ eQG4e'QMw. (3.19)
1% 1 |
2. 4z) ~ (3) (T +0(3)) as  Jz[ s+ =, in S5 (3.20)
3. ¥(z) has at most an integrable singularity at the origin with a
monodromy matrix given by
2imy _ -1 - 3.21
Wl(ze ) = Wl(z)EO MOEO‘ z - 0. ( )

In the above, Gj’ Q, M_, D, MO are defined in Proposition 3.1.

-]

4. The monodromy data MD, given by (3.8), satisfy the properties

given in Proposition 3.2 (ii). Then:

(1)  The above RH problem is discontinuous both at the origin and at
infinity. Actually

4 1.-1 4
T g, ~E. M E., 1z 0; mog,~M, z+=. (3.22)
o %R Mo ke o 0

(ii) To obtain the sclution of the above RH problem consider the follow-

ing RH problem along the contour C1 + C3: Determine the

C

3

I
I
|

|
|
|
I
Figure 3.2

w




L s e e

~24-

sectionally holomorphic function k(z), k(z) = kl(z) if 2 is ins, + 5

1 2°

k(z) = kz(z) if z is in 53 + 54, from the following conditions:

1. kj satisfy the jump condition
29
hl de >Mmh°1 on C;,
0 -a/c 1 0
k, = k h{z) & ,
A ao(z) 1
r1( h on C3
0 -a/c
-2q(¢)
P U dce
o(2) t - 5| — (3.23)
Co*Cq
(If hl’ h2 denote h in Slv+ S4 and S, + 53 respectively then h = h1 on Cl’
h = h2 on C3).
1,% 1
2. k(z) ~ (3) (T +0(3)) as [zl » = . (3.24)
3. k(z) has at most an integrable singularity at the origin with a

monodromy matrix given by

“ly e nlio), z -0, (3.25)

k(ze21") = k(z)h o MoEoM

1(O)E

The above RH problem is discontinuous both at the origin and at infinity.

Actually if 9% 9 denote the jump matrices along Cl’ C3 respectively
1 73
then

1

a1 el -1
IO, " M08 My Eohy

O); Z*O; g g ~ Mx' 2 + o,
k37K
(3.26)

However, the above RH problem can be mapped to & continuous one using the




the auxiliary functions

*0 *0
z 0 1 ®
(757 (=) (3.27)

to remove the above singularities (see Appendix A).

¥ is related to k via:

¥ = kh if z in Sl+52; ¥ = khM, M % Diag(l,-a/c) if z in 53 + 54
(3.28)

= k,hM).

= k,h ¥, = k,h. M wa oM

(i.e. ¥, = k,h ¥ 3 PLE

11 2 12

Proof.

(i) We first note that the product of the jump functions 9; at an inter-
section point, determines the nature of the singularity of the function
¥(z) at this point. For the sake of simplicity assume that V¥ is scalar
ahd that it behaves like z  as z + 0, in Sy- Then v, o zvgl(O),...,

4
T g(0). Conversely, if

1

-2imvy
e

Yy ngl(O)gz(O)g3(0), this implies |
J
4

n g.(0) = e ?1™ then v+ 7Y as z - 0. This analysis is unique within the trans-

j=1

“1,VE, and its generalization to the case that

formation v + v+ integer and z° + E
¥ is a matrix and/or the intersection point is infinity is straightforward.

In what follows we take the above integer to be zero since we are only allowing
¥ to have an integrable singularity.

Equation(3.19) implies

. goly-l 0
3Me = E0 MO EO’ as b4 0,

[~ N
Je]

e
[(JEC I =
[
e
X

J

and hence v(z) ~ Diag(z ~, 2 (oO £ n/2). Thus ¥(z) has

a monodromy matrix My at the origin, which is consistent with (3.21).




4
Similarly 1 gj v M as 'z| » = , which is consistent with the fact that

L
¥(z) ~ Diag(z ~, z ) as |z] » =.

(ii) Consider the following transformations

= k,h,A v, =k

3 7 KohoRgs ¥y = Ko AL, (3.29)

where Aj’ J l,...,4 are constant, non-singular matrices and the functions
kl’ k2, hl’ h2 are defined in S1 + Sz, 53 + Sd’ S4 + Sl’ 82 + 53

respectively:

Figure 3.3




Recall that

i Y2 T M9 b33t % Goa T otg9a Ot vy T ovggg.

Equations (3.29),(3.30) imply:

h, = hiAg ALY, C,.:on !

Cor Ny = MAYG A Cgi ) = hoRsgaR, . (3.3

We choose the A's in such a way that the h-RH problem is continuous

both at zero and infinity.

-1

— ) -1
Continuity at zero: A191A2 A3g3A4

N e -1 -1, ..
Continuity at infinity: AlglAZ A3g3A4 I as 2z ,

or
-1 -1 _ -1 -1 _ .
AIGIAZ A3G3A4 = I, AIAZ A3A4 = 7,
or
meazla = a7la G,MG, = ¥ (3.32°
© 2 3 1 4 1773 ) LYree
Assume a, ¢ # 0, then (3.32b) implies
M11 0
M= . Mll # 0 EER
a
M1 oM
Thus, (3.32) imply
-1,-1
Azg1 A1 on CZ .
h1 = h2 , or h1 = hBABQI Al‘ on C2+E&.

A3g3A4 on G,




-28-
since Ayg.Azt = A (Mg M ATl = A gTIATl Hence, Tetting H. = h.a
39374 24193 1 291 71 - ’ 1 - MR
H2 = h2A2, the above reduces to
] 0
C,+C,: H, =H ) : (3.35)
2 4 1 2 -ae 2q 1

Since the H-RH problem is continuous at = we look for a solution such

that H~ [ as z»=. tet H= (K1) ul2)) then

(H§1)’H§2)) - (Hél)‘Hé2)) ) ae'zq(H£2),O),
or

ng) - Héz) = 0, Hil) - H§1> = -ae'quéz),
or

D Q) et
Thus

1 0
H = . o as in (3.23). (3.36)
ao 1

Having obtained the solution of the H-RH problem it is straightforward

to formulate the K-RH problem:

-1, -1 -1 -1
. k =
Cl’ 1 k2h1A4g4A1 hy hAMg,A, hy on C,
or k, = k
C.: Kk, = k.hoA.g AZlnzl b hoA Mgz lazthst on ¢
30 F2 T KMR92R3 My 2RM9y Aoy 3

(3.37)

1 = = = = ] )
Letting A1 A2 I, M11 1, M21 0, equation (3.37) reduces to (3.23a)
and H = h. We note that the k problem inherits its singularities from

the v problem: Consider the product of the jump matrices at infinity and




alt ____amas

at the origin (consider (3.37) with A1 = A2 = [

"1 e '1 ’1 ‘1 '1 . '
9 9. ¥ Mg M ThothMgh T g g ML e
374 371
=L h(0)(h2Y(0)h, (0))6. M (h2t(o)n. (0))Me M i l0), 2 -0
9k3gk1 1 1 2 2 2 1 4 =] '
But,
- 1 0 1 0
h1H(0)h,(0) = : = Gy,
since ,(0) - 0,(0) = -1 (see (3.23c)). Also M'lGilM = Gy, thus
-1 . we . -l “1,-1. -1 A
9,3k, - M, 2] R hy (0)Eg Mg Eqh7(0), z - 0.
(3.38)
Equation (3.38) implies that the monodromy matrix of K at the origin is
-1 -1 .. . . - -1
h1(°)Eo MOEOh1 (0). This is consistent with the facts that K1 = +1h1

. -1
1S E0 MOEO (see (3.14)).

Equations (3.38) imply that k has the same singular structure as

and the monodromy matrix of v

¥. These singularities can be removed by using the auxiliary functions

(3.27).

Proposition 3.3.

Let ¥(z) be the solution matrix of the inverse problem formulated

in Theorem 3.1. Then y(t),

_ 1 du . I -29(2)
y(t) = '(U at 2t), ut ﬁlfTwzvlz(z)e , (3.39)

solves PIV, where le(z) is the upper left entry of v(z).

\_J

"

|-
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Proof.
Equation {3.12b) defines u in terms of Y (and hence in terms of +),

and equation (2.8b) defines y in terms of u.

3.3. Schlesinger Transformations.

As it was mentioned before, the case of general 30, 2, €an be re-

duced to the case of 0 < 9 <1, 0 <0 < 1. In this section we pre-

-_— o

sent the transformations which shift the values of 00’ o, by half-integers.

Similar ideas were used by C. Cosgrove [13].

Proposition 3.4.

Let y and y' be solutions of PIV, equation (2.6) with a = 20_-1,

e=-298 and o' = 20.-1, 8' =-2(Oé)2respective1y. Let ¥ and Y' be solutions

of the corresponding isomonodromic problem (2.7). Consider two sets of
transformations:
a: b: . m,n ¢ Z. (3.40)
6l = a_+m o;=om+2';+1
Then:

(i)  The monodromy data for Y and Y' are the same.

(ii) The solution of the inverse problem for Y' can be obtained from Y:

Y' = RY. There are two cases. In particular:
(a) R(z) is a rational function of 2

1/2 (3.41)
(b) R(z) is 2 times a rational function of 2.




U5
0y % 0, - % Ry(2) '(0 0>7)/2+ | %
0 0 0 1)% v-0,-8, y(v-eo-om) z
Lo v
(3.42a)
e ]
% "0 * 7+ ) 2
(1 N, (VY w2Y
0' = g ] RZ(Z) <O 0>Z ) <2v/uy ! z '
R (3.42b)
. ] 0 0\ .12 ‘ uy/2v
6' =0 + . R (Z) =< > +
0 o 7 3 0 1)°? v-0,-8,  ylv-8-0_) | :
8L =6, + %, S 4
(3.42¢c)

0 0 ,
é’-\V-ijo) 1

' 1

5020, - 3 » v-28

0 Yo f Ry(2) = (j €>z1/2 . (v-28 )/y wur2 ny
2 uy

(3.42d)

The transformations (3.42) generate all the Schlesinger transformations

specified by (3.40). For example, if RS, R6 are defined by

Then
{3.43,

The above transformations naturally induce transformations mapping

solutions of PIV to solutions of PIV with different values of the para-

meter. For example R2 implies

[ u v v - - . 1 . f \_’. b \
y - —[zy(t - ;) V*"O'Qm*lJv u - J(\y é -

[

. 2v v , ), 13.44)
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where Gb, 0. are defined in (3.42b) in terms of 200

Proof.
We first note that equation (3.17) is invariant under the transform-

ations 0y * 06, o, + o, iff 06, 0. are given by equations (3.40).

Then Propositions 3.1, 3.2 imply that the solvability of the inverse

problem for Y' is equivalent to that of Y. Under the transformations a,

b, M_ is mapped to M_ where ML= M_, M = -M_ respectively. Thus,

assuming Y' = RY, R = Rj if z in Sj’ then the jump conditions imply a

RH problem for R:

a: R, = R. on C.+1 b:

i+l ; j = Rj on CJ+1 J=1,2,3.

Rj+1

R, = R on €, Ry(2) = -Rd(zez‘”) on ¢, (3.45)

Equations (3.45) imply (3.41); to determine completely the form of R(z),
i.e. to specify the rational function of z, one uses Y' = RY to obtain

the following boundary conditions for R:

a:  R(z) ~ 96(1)2””961(2) as z - 0, T % diag(1l,-1)
R(z) ~ V() ()™ ) as z) - e (3.46)
b: as above with n » 22+1 , om= ég:l . (3.47)

Ify',u, v, oé = 90 -1/2, 8, = °_ + 1/2 are the transformed

quantities of y,u,v,@o.em under the transformation given by RI(Z)‘ i.e.
Y'(ziy'su',v',00,0,) = Rl(z;y,u.v.ao.ax)Y(z;y,...).

and if y", u", v", 66 =3y + 1/2, 00 = 5. - 1/2 are the transformed




— — ——

quantities of y', u', v', 66, 3;, then from the transformation given by ~...

i.e.
e ] x

Y (ziy”,u", .. 0,20) = Rz(z;y‘.u‘,...,T‘)Y'(z;y',u‘,...,- v,

a tedious but straightforward computation shows that,

(O]
~—
"
—

Rz(z;y'(y,u....,e Voo R (Z5y,u, .0

Simitarly,

R3(z;y'(y,u,...,0 ),...)Ra(z;y,u,...,@ ) = 1.

Also
Ry(zsy' (yousn s, ) IR (Z3y0us e n0) = Rel2),
Rz(z;y'(y,u,....om),.-.)R4(z;y,u,...,on) = Rg(2),
where
0L = o 0 o
0 0 0 0 zV-\yo"’:mi
R Rs(z) = z 4+ .
or =0 + 1 0 1 -(v-OO-Ow) ) v(v—ZGO) -
u yfv~CO-3m5
% = G * 1 2041 /-1 - W
L Rg(2) = 1+ —y 2
Vo 2v
0. = o = 1

{eg
+
r(

N2 2(t - T (z - 95-0,)1.

Hence, the successive application of the Schlesinger transformations

defined by the multiplier matrices Rk(z), k = 1,2,3,4, maps 70' o to

Ob oo +n/2, 0 =73 + m/2, n,m ¢ Z. To obtainequation (3.44), note

b

1

L\

>

i~
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that the above transformations map equation (2.7a) as follows

= (RA + R_IR™ My
2 2 Zz

3.4. Special Solutions

As it was mentioned earlier, for certain choices of the parameters
a,B, PIV admits rational solutions or one parameter family of solutions
expressible rationally in terms of the Weber-Hermite functions. Such
solutions, are naturally obtained via the RH formalism presented in §3.2.

For example.

Example 3.1.

Let o = -0g» 0 <o_ < %, and assume that a = ¢ = 0. Then b = -d,
E0_= I, and the solution of the RH defined in Theorem 3.1 is given by
1
(1% (l{e”_ii_ dee?300) (2)2%
b4 2z Zﬂi,c ¢ - 2
¥(z) = , (3.48)
ly-0
0 (f) o

Figure 3.4.




Associated with equation (3.48), the solution y of PIV is proportional

to He,, I(it), where Hev(t) denotes the Weber-Hermite function [55]

of parameter .

Proof

Equation (3.17) implies that it is possible to choose a = ¢ = 0
provided that o_ = too +n/2, ne Z. Here we will consider the case
of o_ = -eo and, in view of §3.3, we assume 0 < 7_ < 1/2. Equation

(3.9) implies b = -d and €

L -1 , . ‘
0 d1ag(ao.ao ). Using the similarity argu-

ment (equation (3.15)) we take ag = 1. Thus the basic RH problem re-

duces to

Letting v = (yl,rz) the above reduces to

+ - s T e 2T

1‘1 = ‘1%’1, ¥2 = oy ufl.
The solution of (3.50a) satisfying the boundary condition [3.20),
given by

0
()%
v (z) =
0

Let us consider the homogeneous problem corresponding to (3.501,

$, = v¢

2 -

Its solution (satisfying (3.20)) is

2q -2i~" 28
qe > ‘

——
(O]
wn

1S

(o
n




) 0
. (3.52)

Thus, the solution of (3.50) is given by

Wz) = o)1+ g [ e Hely, (3.53)
Cy+C,
D) e,

where the matrix f given by f = (0, BY,
1,% 1, %
fhsfar s fp =0 fp=dlll (3

where - and + denote the limits of z from the - (Sl+52) and - (S3+Sd)

regions respectively. Thus
20 29
. 4520, 1 » _o2q, 1 =
f12 de” 7 ( in) on C3, f12 = de”( 21”) on C1
re re

Hence substituting the above in (3.53) and using (3.52) we obtain {3.48).

4, PAINLEVE V
The fifth Painleve equation (4.3) can be obtaired [158] as “he ccmpas-

ibility condition of the following linear systems of the ecqua®ions
d.1a,

z
Vt(z) = Biziviz SRS
where ,
1 1
[~ = A ‘> = R - *
A(‘.}-Aq‘AlE*AZZ—_-I,BL-« B‘t.
and

- J
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e vee ) (
VvV + -u V4‘6 -W uyiw-
AO = t/Z 0) [} A] = v -2-— Cg\ ' AZ : 'l :
— -(ve =— 1
% u (v 2’ - L‘T(W+ =) W
e1
<j/2 0 0 u[v*Oo-y(W' =) ]
B. = s g, = - ,
0] 175 ! b BN
0 =i/ %{v-—\"”z—‘)] ¢

The compatibility condition of (4.1) gives:

2 1
t g% =ty - 2v(¥-1)" - ?(y-])[(00-81*0m)y ) (300+91’0a)]' (4.22)
dv | ) 1
ta” yv[v + §(60-51*0°)] ) Y‘V*Oo)[v * 2(00*81*9w)]' (4.20)
t_d_u= (-2t-0+[v+l(e -0.40 )]+l{V+]—(0 +0.+0_)]). (4.2¢)
at Y oY 2'°0 1 e y 2'°0 1 e
¢’ . (o ])(%l)z-l%l+ﬂ;;ﬁ( o By +xr, Sx(y¥
at Zy © y-T/\dt t dt R Ty Tt y-1_ °
(4.3)
with,
-0 _+6.\¢ 6 _-8_-6\2
/7071 ™ /70 1 e . e )
QFr AG——?————-) » 8 8 o {j—-—> » Y ]-90-31. 6 —‘2'- \/A.A)
The general fifth Painleve equation with non-zero ¢ is reduced to the
case & = -1/2 by scaling; the case 6§ = 0 may be transformed to the third

Painleve equation which will be considered elsewhere.

4.1. The Direct Problem

Proposition 4.1

Let Y(O)’ Y(l) be the solutions of (4.la) analytic in the neighbor-
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hood of z = 0 and z = | respectively and normalized by the requirements
= y =1, Y nys ] ] . .

that det Y(O) det (1) 1, and that (0) Y(l) also solve (4.1b)

Let Yl’ Y2 be solutions of (4.la) analytic in the neighborhood of in-

finity such that det Y, = det Y, =1 and YJ ~Y_as |zf - =

in Sj‘ where Y_ is the formal solution matrix of (4.la)

in the neighborhood of infinity and

E]

w
—
[
NVE
I A
o
-
(Va)
4
A
~
w
~
~
A
(Y
-
Ve
~N
A
r\)Iw
=A
—
o
(€]
—

"
'
Y

-
o
-

«Q
~

W
~f A

.
o
-

«a

~

n
o

The contours Cl’ C2, C3 are defined by arg z

and 0 < Re z < 1 respectively

Figure 4.1

Then the analytic functions Y(O)’ Y(l)‘ Yl, Y2 satisfy:

. - Dy
(1) Y(O)(z) N Y(O)(Z)z

r\)l )
(a)

as z - 0, Oy # Diag(ég.- ), 0g # M (4.5)

where 9(0)(2) is holomorphic at z = 0 (Y(O) has a Togarith-

mic singularity if O * n.
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D1 g

[}

s Niagl_t _
as z - 1, D1 3 D1ag(2 ,

I\)I 5]
r—

(1) ¥qy(2) ~ ¥ qya)(z-1) )oz 0, (47)

-

where Y(l)(z) is holomorphic at z = 1 (Y(l) has a logarith-
mic singularity if o, = n).

D 0 5

(iii) Yj(z) ey Qm(z)eQ(Z)(%) ®as |z| » = in Sj’ D_+# Diag(Ef,- §f), j=1,2,
Q(z) # Diag(q,-q), (4.8)
q 3 %E, QE(Z) is holomorphic at z = =.
TTTG)O 1'30
2in e 2irJ.e
(iv) Y(O)(ze ) = Y(O)(Z)MO, as z - 0, MO £ _1n60 .
0 e
(4.9)
Ja =0 ifoe,#n, Js=1 if 0, = n
0 0 0 0 in0, 176
2in e 21’mJ1e
(v) Y(l)(ze ) = Y(l)(z)Ml’ as z + 1, M1 L ‘i’91 ,
0 e
(4.10)
J1 =0 if 31 £ n, Jl =1 if 01 =n
_ _ 21
(vi) Yz(z) = YI(Z)GI’ Yl(z) = Y2(ze )Gsz’ (4.11)
where
1 0 ’ 1 b i?@m -1v@w
G1 H s 62 z , M_ % Diag(e , e ). (4.12)
a 1 0 1
(vii) Yl = Y(O)EO' det EO = 1; Yl = Y(l)El‘ det E1 = 1. (4.13)

(viii) Let YI, YI dentoe the limits of Y1 as it approaches C3 from above

and below respectively. Then

+ _ o ---1 \
Y1 = YIEI MlEl' {4.14)
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Furthermore, the parameters
MD ¢ {a,b,ao, 80’ Yos 60‘ al’ 811 Yly 51}¢

i.e. the entries of Gl’ GZ' EO‘ El’ satisfy the following con-

sistency conditon,

-1 c-1,-1

(ix) G1G,M, = Eo My EQE; TMITE, . (4.15)
Proof.
1. Analysis near z = C:
Let Y(O) = (Ygég, YES%), then for |z]| < 1 we find:
u (1)
(1), . %72 v =% )/ v{v+p) Ko
Yii(z) = 2 — e + z+ .., o, #n
0 (4.16a))
(1)
(2) _ -00/2 9, <u 0
Y(O)(Z) z ¢ 1)t (2 RN (4.16b)
0
where,
2 - V40 v+0 8 0
K(O 4 1!#?(‘)_[(5 + w)(] . v_g)_ 2s Y e e - ),
2 V40 v+ 8 5
(2 G+ 00 ¢ 3 - Sy e 2 - vl 2,

PELPIE PRI
0t # [ gty Hue 1] - Do,

Expressions for Kél). Lél) may be given, but they are not needed in the discussion-

The constants with respect to z multiplying the { : above are fixed by

the requirement that equations (4.16) satisfy (4.1b). We note that when

A™



-4]-
3
i OO = n there will be, in general, a logarithmic term and the two
linearly independent solutions are
~94/2.
(1) (2)(,y = (1) 07" (2) o=

where JO is a complex constant and 9(2)(2) is a polynomial in z. Equa-
. 217D
tions (4.16) imply Y(O)(zezn) = Yo(z)e O. Similarly equations

(4.16), (4.17) imply (4.9).

2. Analysis near z = 1l:
Let Y = (Y(l) Y(Z)) then for jz-1| < 1 we find
(1) (1) (1) |
/2 8 -2 ] Km
(1) i ) 81 81- w -01 R }
Y“)(z) (z-1) 291 e ]-w+9‘/2 K(Z ( I S 0
uy %-8,/ ! (4.18a
. (2) -81/2 oy [ fuy (1)
Y(1)<Z) = (z~1) e 1 + ( ) (z-1) + . (4.18b)
1
where,
(2) } q we /2 0,  yew ' 8
4 el e - gy e ST DGy ¢ g
JZ) 14w-6 /2 W+g /2 8, 142w

1t T~e e 72y o) Cuvlg eyt )(W)J

t 8
a,(t) ¢ J (v - Hw + 9] - Fat'.
YE{;(Z)' YE?;(Z) = Jl[ln(z'l)]Y(l)(Z) + (2_1)-\'/1

where Jl is a complex constant and 9E§§(z) is a polynomial of z-1.

Expressions for Lgl), Kgl) may be given but they are not necessary in this
discussion.
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3. Analysis near 2z = =:
The two linearly independent formal solutins of (4.19) have the

expansions

-K@ )
i) = [P 6 T+l (4.20a)
0 ]_t_{v - ;_(w 4+ 71-)]

U}

]
—
Jor—
~—
©
8
N~
~nN
(1]
Fo]

~N
~—
"

G
G Uryeg -y(W- =+
r{8(z) = (1) Pe/%e > RO PR A

Kﬂ

e €
K.’-%{V-;—(Vl#z—‘-)][\(q,go-y(w-.zl)]-w‘ q%%:c-_

Using similar arguments to those used in Proposition 3.1 we obtain

(4.11).

. Let J1 denote the monodromy matrix of Y1 at z = 1. Then YI = YIJI.
However, Y1 = Y(I)El and M1 is the monodromy matrix of Y(l)‘ Hence
J) = €M E,, which implies (4.14).

(4) Consistency.

Let J, and JO denote the monodromyv matrices of Yl at z = land z = 0

1
respectively. Equations (4.11) near z = 0 imply:

ze21")G M = Y+(ze21’)GlG

+
2 1 Mm— Y (Z)UOG

1 6,M, = ¥(2)d,Jg6 G M

2 1 1707172 =°
-1

0

_ -1 _ el oL e-l
Thus G,G,M_ = J 1 = E1 MIEI’ Y0 EO MOEO’ thus equation

172 =
(4.15) follows.

J But J

1

AT

A
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Proposition 4.2.

(i) The monodromy data, MD, defined in

variant.

Proposition 4.1 are time in-

(ii) A1l of the MD can be expressed in terms of two of them. This

follows from:

1. det EO = det E1 = 1.
2. Equation (4.15).
3. If Y solves (4.1) with y

R ¢ Diag(rl/z,r-l/z), r constant, a

in PV. The Stokes matrices Gj and

satisfying PV, then vV & R

YR,
1so solves (4.1) with y satisfy-

the connection matrices EO’ E1

are transformed to §, - R‘IGJR, o= rleRr, §= 12,0 = 0,0,

i.e.

a =ra, b=b/r, ap Fag, 5.0 2/, vy = oryy, St E 0,1. {
4. Changing the arbitrary integration constants :-,, -

amounts to multiplying Yg}g(z), YE?

respectively. This maps Ei to éi =
Proof.
Similar to that of Proposition 3.2.

4.2. The Inverse Problems.

0° "1
g(z) by p, and p;l, 1= 0,1,

“tre

P.E., P, % Diag(p,, p."), 1.e.

i )

£

S o s on (a.22)
p ] 1' p ] 1] . .

In what follows we formulate a RH problem for the case that

O<2,O_<_Ol< 2, Oi(3®<2,

lar RH problem.

0 <o

This assumption leads to a regu-
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Theorem 4.1.

Consider the following matrix, regular, homogeneous RH problem
along Cl’ C2, C3 (Figure 4.1): Determine the sectionally holomorphic
function ¥(z), ¥(z) = v.(z) if z in Sj' j =1,2 from the following con-

J
ditions

1. wj satisfy the jump conditions
+ -
VZ(C) = WI(C)QI(C)’ W1<C) = wz(C)Qz(C)y vl(C) - *1(4)939 (4.23)

along the rays CZ’ Cl’ C3 respectively, where

g el g, 1 ele,e 0, gyt letME e (420
2. ) v (D% e o)) as 2l e (4.25)
3. ¥(z) has at most integrable singularities at z = 0, z =1, and z = » and
the monodromy matrices ofy1 are given by

€5 M€ eOIEilMlEle-Ql, M_, (4.26)

respecitvely, where O1 = Q(1). In the above GJ, Q. M_, D_, MO' M1 are

defined in Proposition 4.1.

4. The monodromy data satisfy the properties of proposition 4.2(i1..
Then:
(1) The above RH problem is discontinuous at z = 0, 1, =. Actually
3 Q 'Ow
-1,,-1 -1 1.-1,-1 1
n ~N ! - + o - ' 2 . )
o1’ Eg Mo Epr 2705 919, M, 2 v 93 e EpMihe o, !
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{i1) To obtain the solution of the above RH problem consider the fgollow-
ing RH problem along the contour CO defined by Im z = 0:

;Im z
|

b— - -

Figure 4.2

Determine the sectionally holomorphic function k(z), k(z) = kl(z) if

Imz >0, k(z) = ky(z) if Im z < 0, from the following conditions:

1. kl’ k2 satisfy the jump condition
-1
h,Mh Re z < 0,
22 0 1
X - -1 .
CO' k1 k2 thM,93h1 0 <Rez <1 M % ,
-1 -a/b 1
h1MMmh1 Re z > 1
1 0 Aot
(o) @ [ B e e
an(z 1 . N ¢ -
1t
(4.28)
and h,, h, denote h for Re z > 0, Re z < 0 respectively. ®
1,0 1 . ‘
2 k(z) ~ (E) (1 + O(E)) as lz] » = . (4.29)
.4
7
. |
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3. k(z) has at most integrable singularities at z = 0, z = 1 with

monodromy matrices given by

'1(0), hl(l)eo(I)E'IMIEIe'O(l)h’l(l) (4.30)

-1
h,(0)Ey"MoE 1

0o MofoM

respectively.
The above RH problem is discontinuous at z = 0, 1, =. Actually if
9 » 9 » 9y denote the jump matrices for Re z < 0, 0 < Re z < 1,
2 3

Re z > 1 respectively then

1,-1

. Ayl -l
9 gk3 vM_oas |z v o= 9, gk2 N h1(°)Eo Mo Eghy (

0) as z - 0;
(4.31)

gizng vy (18 et te e 0ty as 2 - 1

However, the above RH problem can be mapped to a continuous one using
the appropriate auxiliary functions (see Appendix 8).
¥ is related to k via

+
¥

17 K e kD

] = kMM, ¥, = kho (4.32)

2 1

Proof .

(i) The products of the jump matrices at a given point determine the

nature of the singularity at this point. Equations (4.27), which follow

. . . ;0/2 -;0/2
from equations (4.24), imply: v(z) ~ Diag(z , 2 ); §2+ 0, OO-: 72 ]
and ¥ has also a log z term if ¢y = n; y(z) ~ Diag((z-l)l1 , (z-1) R ) z-1,
and ¥ has also log (z-1) term in 0, = m v(z) ~ Diag((%)Gm. (%)'Gm) as
|z] » ». Hence ¥(z) is singular at z = 0, 1, « . Assuming 0 < ?0 < 1, D1
0<op<1, 0<0, <1, y(z) is integrable at the above points. 1
8
e ————— -
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C, Y
|
|
h h
wz wl c 2 1 k1
—_— _3_ _— I
1
Ko
¢ ¢
Figure 4.3
(ii) Consider the following transformations
v' = koh A, ¥T = koh AL, Yo = ki hoA D= ko hoA (4.33)
L LU LRI S L P L TP R P R S LP L TR B PUP LIS :
. + - . -
where v, is ¥, if Imz >0 and\5 if Imz <0 (clearly ¥o = ¥, in 52’

however we use this artificial separation in order to make the h-RHK

problem continuous).

yho= oyt
193

Recall C 1

ot ¥y = ¥10y, CI: ¥ = ¥,0,, C3: (4.34)

Equations (4.33), (4.34) imply:

. - -1 : . -1
C2. hz = h1A191A3 ' Cl' h1 h2A492A2 .

We choose the A's in such a way that the h-RH problem is continuous both

at zero and infinity.

. ) -1 -1 .
Continuity at zero: A191A3 A492A2 vl as b4 0,

1 1

Continuity at infinity: AlglAS A 1 oas oz s om,

49277

"
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or
-1 -1 ~1 -1
A6 AT ALGM AL = 1, AATTAM AT = I,
or
0 M
PG TUETS PR | - : - 12 \
M3z A3 A4 = A1 AZMw . GIMG2 M, i.e. M (: , :> (4.35)
b M2 Mo
(assuming a,b,M;, # 0). Hence the h-RH problem becomes
A9 Ay on G, 1 o\ _,
hp = 0y L1 or N =M ) Re
AIMMmg2 M A3 on C1
(4.36)

where » = -1 on CZ’ A =1 on Cl. Let H2 = h2A3, H1 = hlAl and (4.36)

reduces to
1 0
C1 + CZ: H2 = H1 , » =1 on Cl’ -1 on C2.
(4.37)

Since the H-RH problem is continuous at = we look for a solution such that

A~ 1 as z » =,

O S I CI R S I P CIE N
or
(2) _ ,0 (1) (1) ot
H -(1), Hoo! - HpT = ae (1).
Thus
1 0
H = , p as in (4.28). (4.38)
ap 1

on the Re 2z axis, for Re z ~ 1, however equations (4.33a)




(4.33b) imply that k, # kZ for Re z > 1 (since Al # AZ)' Hence, al-

1
though ?1 has a discontinuity only along C3 {0 < Rez <« 1), k has a
discontinuity along the entire positive Re z axis. Similarly, equa®iors
2 1s continuous n S., ¥ s drg-

continuous in 52; we choose the negative Re z axis to be the C.r.e -+

(4.33c), (4.33d) imply that, although ¥

the discontinuity.

Let us now formulate the K-RH problem:

S - + - - -
Mz = G: Yo = ¥, Re z < 0; Y7 Y95, 0 Re z - 4 R
Using (4.32) we find
-1 -1
h2A4A3 h2 Re 2 0
Imz = 0: kK, = Kk -1,-1 .
1 2 h1A293A1 h1 0 - Re 2 d.:4
-1 -1 ,
hlAzA1 hl Re 2 1
Using A4 = A3M, A2 = AlMMw we find
-1 -1
h2A3MA3 h2 Re z < 0
= -1,-1 < <
kl = k2 hlAIMng3A1 h1 0 <Re z <1
hoA MM AT InT1 Re z > 1
1"l =71 1
which, with the choice of A3 = A1 =1, M12 =1, M22 = 0, reduces to

(4.28). The k problem inherits its singularities from the ¥ problem.

Consider the product of the jump matrices at the singular points:

.4
g *h Mh> 1 g, * h,MM g hol :hoMM ot
A A G I T I L ‘
1 2 3
Then
-1 . RS S “lymip -l L on °
9k19k3 - M_as 1z . gklgkzl hl(O)EO MO EOhl (0) as z - 0O, 1




wn
O
'

-1 Q(l).-1,,-1 -Q(1),. -1
9,9k, " hi(1)e™ "B "M ke D e e ala)

Equations (4.40a), (4.40c) are obvious. To obtain equation (4.40b)

note: J
. /’1 0 : "
h;“(0)h,(0) = = G,, since 0,(0)-0,(0) =1
L \ab,(0)-0,(0)) 1 ! el
(see (4.38)). 1
Hence,
g = no (oM tns(0)h, (0)MM_g (0)nTE(0) = n, (0)G M 7167 MM g (0)n:l(0) =
k1 k2 2 2 1 73 1 1 1 1 73 1
- ho (06,6, E- e nTY(0) = n (o)es Mt nT (o) (4.41)
1 1727="1 1711 1 0 0 01 ’ )
where we have used M'lGilM = G, (see (4.35)), and (4.15).
Equation (4.40b) implies that the monodromy matrix of k at the
origin is hl(O)EalMOEOhil(O). This is consistent with the facts that
K oe et ‘ | .
1 flhl and the monodromy matrix cf vy s E0 MOEO' Similarly for the .
monodromy matrix of k at z = 1. Thus k has the same singularities as ¥.
These singularities can be removed by using appropriate auxiliary
functions.
®
Proposition 4.3.
Let ¥(z) be the solution matrix of the inverse problem formulated
®
in Theorem 4.1. Then y(t), which may be obtained from (4.1a), (4.2a), ;
solves PV.
.1
3
= mcnd




4.3. Schlessinger Transformations.

Proposition 4.4.

Let y and y' be solutions of PV equation (4.4) with 1, =, 7 and

a'y, 8', v

' respectively, where a, 2, v are related to 30, 31. Sovia

oK

(4.4). Let Y, Y be solutions of the corresponding isomonodromic prob-

lem (4.1). Consider the sets of transformations:

3L = ¢ PR A= I+
% T F " 0" 0 0~ 02
9! = ¢ D9y =g DTy = iy tm,
a O1 91 b 1 1 +n C 1 12
L =0_+tm =L tm DI T
where, n,m are either even or odd integers. (4.42)

Then:
(1) The monodromy data for Y and Y' are the same.

(i1) The solution of the inverse problem for Y' can be obtained from V:

Y' = RY; a: R(z) is zl/2 times a rational function of z,

b: R(z) is (2-1)1/2 times a rational function of z, (4.343}

¢: R(z) is z times a rational function of z.

In partiuclar:

OO = 60 + 1
0 0
oi = 0 , Rl(z) = 21/2 +
0 1
ol = o_+1
1 N
2 G 12
1 1 1 ! B Lo
1 1 /
- olv - ;(W + 5] [G(v + QO)][E\V - ;(W + =)0
(4.44a)




o-

‘
g - »r— -

o)




BT

where w1

Q-

0
Ol'-‘Ol-
Q;:Om_
1

y
% = %
®1=Ol+
ol =o_ -
1

iy Ve
% = 9
@'1:@1-
6. =0+
1
_E[v

(4.44f)
0
Gl .
0
[v+ 55 - ¥lw = )]
(Z_l)'l/z,
1
0
(Z~1)1/2 .
1
oy
(z-1)"1°. (a.44n)
1 1
Yo )




h' The transformations (4.44) generate all the Schlesinger transformations

specified by (4.42). For example,

h RipRy = 1 3= 1,3,5,75 RiRy = Rgy R,Rg = Ryp, etc.
where
Rg: 05 = 05 + 1, ©) = ¢, + 1,0, =0
Rigi @9 = G -1, ¢ = o-1, o, =aq,. (4.45)

The above transformations induce transformations mapping solu-
tions of PV to solutions of PV with parameters related as in equations

(4.42).

Proof

Equation (4.15) is invariant under the transformations ao > eé,

Gy ~ @i, o, 6. iff the 0's transform as in (4.42). It will turn

out that it is sufficient to consider m = n = 1. Since Ml‘ M.~ =M,

-

*M_, assuming Y' = RY, equations (4.23) imply

+ + +
a R2 = R,, B R2 = R1 . C R2 = Rl on C2
+ - + - + -
R1 = R1 R1 = -Rl R1 = -R1 on C3 (4.46)
R1 = -R2 R1 = -R2 R1 = R2 on C1 .
| ! I
a: b l C
. | | ,
| | | *
| | |
1 1
| \
1
l
C e
1 1
'
Figure 4.4 }
o 1




Equations (4.46) imply (4.43); to determine completely the form of
R(z), use Y' = RY and the boundary conditions for Y to obtain appropri-

ate boundary conditions for R (the details are given in [45]).

3.4. Special Solutions

Example 4.1.
Let o= -(05 *+ 0;), 0 <06y <1, 0< 9 <1 and assume that

“1
a = 0. Then 81 =Y T Yy * 0, and the solution of the RH defined in
Theorem 4.1 is given by
0,./2 0,/2 -0,/2 6. /2 ct 20, L1
2 O (z-1) ! bz O (z-1) ! 517 [ dee o (o)
MJC I - 2
y(z) =
~3./2 -0,/2 ’
0 z 0 (z-1) L
(4.47)

where the contour C is along C1 in the 52 region. Hence associated with eguaticr

(4.47), is a solution y of PV which is proportional to W, where W

V‘O’;l(t)‘
denotes the Whittaker function [55].-

To derive the above, note that in this case the basic RH problem

reduces to

Figure 4.5




T

-Sp- 'i
A . Imz =0, Re z -1 =1,y =1, =0
\y+ =y i -'iTT‘i'l i- |
¢y az @' Vo, vz e Ve, = pe” TR
(4.48)

Letting v = (wl, wz) the above reduces to

+ - + -

¥y = a¥y Yo T ¥, * Bwl (4.49)
Equaiton (4.49a) implies
0n/2 9,/2
vo=2 0 (2-1) Vo (ly. (4.50)
1 0
The "homogeneous" version of (4.49) yields
On/ 2 9,/2
2 0 (z-1) ! 0
Q =
. 'O /2 ‘O /2
0 z 0 (z-1) 1
(4.51)
Thus the solution of (4.49) is given by
W2) = o)1+ g | S, (4.52) !
c, °7¢
1 .
where f = (0, BWI)( +)'1, i.e
fly = flo = fop =0, Fyy = be z - (g-1) 1.[- (z-1) 1. »
where - and + denote the Timits of z in S2 and S1 respectively. Since
0n/2 0,/2
f21 = bect(c 0 (g-1) 1 )? we obtain (4.47). ]
y
L]
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APPENDIX A

In Theorem 3.1 we mapped the bas': P~ Lrapiem which underlies the 1nitial ,alye

problem of PIV to a simpler RH problem, 1.e. equations (2.23)-(3.26). This ik
problem is discontinuous both at zero ang 'n¢: , Actually the product
of the jump matrices at z = C and z = 15 given by
ho(o)es M te nThig, y Al
i 0 0 01 ’ < "

respectively. We now map this discontinuous problem to a continuous one.
The basic idea is to use appropriate discontinuous auxiliary functions
such that the product of the jump matrices of the transformed problem is
I. This procedure is the well known [46] so the derivation is omitted

(details are given in [45]).

Proposition A.1.

.

Consider the k-RH problem formulated in Theorem 3.1 and defined by

equations (3.23)-(3.26). Assume 0 < EN I, 0« « 1, tO 172,

Figure A.1l




kl(z) = ¢ ()X (Z)R°X (z)Ré, zin S, + S

=\ 2/Ralg 1"
(A.2)
kp(2) = o7 (2)x (2)R0X5(2)Rg, 2z in Sy + 5,
where,
o -0 9 -2
X5(2) = Diagl(E) ) (A °1 xi(2) = diaglizE O 2 01 (a3
) % 4 O y @m |

X (z) = Dvag[(Z+1 v () L x(2) = Diaglizy) L (i) )L (AL4)

The auxiliary functions XO’ X, are defined with respect to a finite branch
cut from z = -1 to z = 1, and an infinite branch cut fromz =1 to z = -1

respectively; these branches are specified by

Tim Xé(z) =1, lim X_(z) = 1. (A.5)
[z]+e z+0

The constant matrices RO’ R_ are defined by:

-.L 1 ;. 1 = a "‘1 +‘_ +'1 N 3
RO 2 EO 1 (0), RO E0G162G3M h1 (0), Rw $ (RO) , R_# (ROM) , M = Diag(! .
(A.6)
Then the ¢-RH problem,
L - -1 - - - ) + + 4+ +4-1
€105 0 () = @7 ()X (Q)RIXG(£)Ryg, (1) [X (RN ()RG1™H, (A7)
o (z) -1 as |zi - = in S+ 52.

where 9, is the jump matrix of the k-RH problem given by {3.23), is con-

tinuous.

Remark A.1l.

The case OO = 0 can be handled in a similar way: in this case k




: 5

E. XO’ X1 are defined with respect to finite branch cuts between z = Zg % 1+
and z = EO = 1 - 1 passing through z = 0 and z = ] respectively; X_ is

defined with respect to an infinite branch cut between the points z = 24

and z = 20. These branches are normalized by

Tim XO(Z) =1, lim Xl(z) =1, Yimx (z) = X 0 Tim X_(z) = X 1’
|z ]+ [z ]+ z+0 ’ z+1 ’

(B.5)

with [X_(=+)]7

X _(=-) = M,. If the constant matrices are appropriately
chosen then 4(z) satisfies a continuous RH problem (the details can be

found in [45]).

Remark B.1
The cases OO = 0, @1 = 0 can be handled in a similar way. The
logarithmic singularities can be removed by using
1 n F

X(z) = ,
0 1

+ - +
where ZO’ Zg> 2> z1 corresponds to F

(£, (&), | -1y, (=) respectively.
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